Conjecture II. (local form)
Let G ⊂ SL(3, C) be a finite group. Then there exists a resolution of singularities σ : X −→ C 3 /G with ω X ≃ O X and χ( X) = ♯{conjugacy class of G}.
In algebraic geometry, the conjecture says that a minimal model of the quotient space by a finite subgroup of SL(3, C) is non-singular.
Conjecture II was proved for abelian groups by Roan ([10] ), and independently by Markushevich, Olshanetsky and Perelomov ( [8] ) by using toric method. It was also proved for 5 other groups, for which X are hypersurfaces: (i) W A 3 + , W B 3 + , W C 3 + , where W X + denotes the positive determinant part of the Weyl group W X of a root system X by Bertin and Markushevich ([1]), (ii) H 168 by Markushevich ([7] ), and (iii) I 60 by Roan ([11] ). Recently I proved Conjecture II for trihedral groups [5] :
Definition. A trihedral group is a finite group G =< H, T > ⊂ SL(3, C), where H ⊂ SL(3, C) is a finite group generated by diagonal matrices and Theorem 1.1 [5] . Let X = C 3 /G be a quotient space by a trihedral group G. Then there exists a crepant resolution of singularities f : X −→ X, and χ( X) = ♯{conjugacy class of G}.
Theorem 1.2 (Main Theorem).
The conjecture II holds for the following groups:
(1, 1, 1) and
Remark 1.3. These singularities are different from trihedral singularities, but main idea for these proofs are based on the method of trihedral case. If we take any abelian group for H in Theorem 1.2, we can use the same method and the conjecture II is true.
In this paper, we prove Theorem 1.2.I in section 2, II in section 3, III in section 4 and IV and V in section 5. §2. Proof of I Proposition 2.1.
Let X = C 3 /G, and Y = C 3 /G ′ . Then there exists the following diagram:
where π is a resolution of the singularity of Y , and π is the induced morphism, τ is a resolution of the singularity by Z 2 , and τ • π is a crepant resolution of the singularity of X.
Sketch of the proof. As a resolution π of Y , we take a toric resolution, which is also crepant. Then we lift the 
In the resolution Y of Y , the group Z 2 permutes exceptional divisors. So the fixed points on the exceptional divisors consist of one point or three points. Now, we see the proof more precisely. At first, let G ′ be an abelian group which generated by diagonal matrices in G. It is a normal subgroup of G in any case of Theorem 1.2.
Then we recall a toric resolution when G ′ is a finite abelian group in SL(3, C).
3
Let R 3 be a vector space, and {e i |i = 1, 2, 3} the standard base. For all v = 1 r (a, b, c) ∈ G ′ , L =the lattice generated by e 1 , e 2 and e 3 , N := L + Zv,
We regard σ as a rational convex polyhedral cones in N R . The corresponding affine torus embedding X σ is defined as SpecC[σ ∩ M ], where M is the dual lattice of N andσ is a dual cone of σ in
There are two types.
(1) abc = 0 (2) abc = 0 We denote by G 1 (resp. G 2 ) the set of the elements of type (1) (resp. (2)). So
There are also two types in Φ as above. So we denote by Φ 1 (resp. Φ 2 ) the set of lattice points of type (1) 
Let λ i be maps from G i to Φ i (i=1,2).
where λ 1 maps g = 
Therefore there exist a correspondence between the sets of elements of G ′ − {e} and Φ, which is 2:1 on G 1 and 1:1 on G 2 . Φ corresponds to the exceptional divisors of a toric resolution given below.
Claim I. There exists a toric resolution of Y where Z 2 acts symmetrically on the exceptional divisors.
Proof. We can construct a unique simplicial decomposition.
Claim II. Let X S be the corresponding torus embedding, then X S is non-singular.
Proof. It is sufficient to show that the σ(s) are basic. Let
which are linearly independent over R. Assume that the simplex
is sublattice of N . If we assume N = N 0 , then there exists β = β 1 w 1 + β 2 w 2 + β 3 w 3 ∈ N \N 0 (0 ≤ β i < 1, β i ∈ R and the strict inequality holds at least for one i. )
. From our assumption, we conclude that β = w i for some i, which contradicts β ∈ N 0 . Therefore N = N 0 .
We obtain a crepant resolution π S :
Claim III. Let F be the fixed locus on Y under the action of Z 2 , and E be exceptional divisors of Y −→ Y . Then
Proof. Considering the dual graph of exceptional divisors by the toric resolution and from Remark 2.3, we can identify the two exceptional divisors by the action of Z 2 except the central component which is a component in the center of the exceptional locus. Then there are 2 possibilities of the central component; Type (I): one point. Type (II): a divisor which is isomorphic to P 1 . Let (y : z) be a coordinate of P 1 , then the action of Z 2 is (y : z) −→ (−z : −y).
Then the number of the fixed points are two, whose coordinates are
Furthermore the Z 2 -action in the neighbourhood of a fixed point is analytically isomorphic to some linear action. Now, we consider the resolution of the singularity of C 3 by the group Z 2 . F 0 consists of 1 or 2 points, and F = F 0 ∪ C ′ where C ′ is a strict transform of the fixed locus C in Y under the action of Z 2 .
Proof. There is a representation of Z 2 in SL(3, C):
The quotient singularities by S ′ are A 1 × {x−axis} which are not isolated and the exceptional divisor of the resolution is P 1 -bundle.
Claim V. The resolution τ • π is a crepant resolution.
Lemma 2.4.
Let X := C 3 / < G ′ , T >, and f : X −→ X the crepant resolution as above. Then the Euler number of X is given by
Proof. For an abelian group G ′ , we have a toric resolution
. By the action of Z 2 , the number of fixed points in the exceptional divisor by σ is equal to k, hence
By the resolution of the fixed loci, Eular characteristic of the each exceptional locus is 2. (Claim IV) Therefore,
Theorem 2.5.
χ( X) = ♯{conjugacy class of G}.
Proof. Proof. We show that we can construct a simplicial decomposition {σ(s)} s∈S of the simplex ∆ which is Z 2 -invariant and the set of vertices is exactly Φ ∪ {e i } 3 i=1 . Let us consider the distance d between 1 r (a, b, c) and
(1) Find lattice points P i = Furthermore the Z 2 -action in the neighbourhood of a fixed point is analytically isomorphic to some linear action.
Lemma 3.3.
Theorem 3.4.
Proof.
There are r elements of type Let X = C 3 /G, and Y = C 3 /G ′ . Then there exists the following diagram:
where π is a resolution of the singularity of Y , and π is the induced morphism, τ is a resolution of the singularity by S 3 , and τ • π is a crepant resolution of the singularity of X.
We do similarly as in §2,3.
Claim I. There exists a toric resolution of Y where S 3 acts symmetrically on the exceptional divisors.
Proof. We construct a simplicial decomposition with conditions for trihedral case [5] and Proposition 3.1 in §3.
Claim II. Let F be the fixed locus on Y under the action of S 3 , and E be exceptional divisors of Y −→ Y . Then
where one of them are by S 3 , the others are by Z 2 .
Proof. Considering the dual graph of exceptional divisors by the toric resolution and from Remark 2.3, we can identify the two exceptional divisors by the action of Z 2 except the central component which is a component in the center of the exceptional locus. And the central component is a point, which fixed by the action of S 3 .
Proof. There is a equivalent representation of T in SL(3, C):
The quotient singularities by < S, T ′ > are same as the case of Theorem 1.2 II.
Lemma 4.2.
For an abelian group G ′ , we have a toric resolution
. By the action of S 3 , the number of fixed points in the exceptional divisor by σ is equal to r, hence
By the resolution of the fixed loci, Eular characteristic of the exceptional locus is 2 or 3. (Claim IV of §2 and Claim III of §4) Therefore,
Theorem 4.3.
Proof.
For 3(r-1) elements of type 
Proof. We construct a toric resolution as in §4.
In the center of the triangle whose vertices are (1,0,0),(0,1,1) and (0,0,1), there exist one P 2 as an exceptional component. Then it is sufficient to show the case G ′ =< 1 3
(1, 1, 1) >. Proof. Considering the dual graph of exceptional divisors by the toric resolution, there is a possibility of the central component; a divisor which is isomorphic to P 2 . Then the number of the fixed points under the action of S 3 is three as in §4.
Futhermore the S 3 -action in the neighbourhood of a fixed point is analytically isomorphic to some linear action. χ( X) = ♯{conjugacy class of G}.
Proof. There are nine conjugacy classes in G: identity,
